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Why Multiple Prompts?
Avoid crosstalk

try

lookup(dict, total)/lookup(dict, count)

catchKeyNotFound(err) ⇒ 0

handle
handle

Print(”Hello”)

withGet(), k ⇒ . . .

Put(x), k ⇒ . . .


with Print(msg), k ⇒ . . .
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A Systematic Approach
To build up to multiple prompts

Goal: Reason flexibly about complex control flow

For optimizing code ahead of time
For comparing equality of programs
For understanding the tradeoffs in design decisions

Idea: Break down big operations into little pieces

Modular operators combined into more familiar operators
Small, localized, fine-grained reduction steps

Approach: model in CPS, reflect back to source

Can point out missing concepts
Can justify that theory is sound
Gives an effective implementation method
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The Basic CPS
Of the call-by-value λ-calculus

Value ∋ V ::= λx.M | x Term ∋ M,N ::= V | M N

(λx.M) V 7→ M{V/x}

CJxK = λα. α x

CJλx.MK = λα. α (λx. CJMK)

CJM NK = λα. CJMK λf . CJNK λx. f x α
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Writing the Initial Continuation
In the source

The target CPS language:

CPSValue ∋ Vval ::= λx.Vtrm | x
CPSTerm ∋ Vtrm ::= λα.Mcom

CPSContinuation ∋ Vknt ::= λx.Mcom | α

| λx. x

CPSCommand ∋ Mcom ::= Vtrm Vknt | Vknt Vval | Vval Vval Vknt

CJMK ∈ CPSTerm

CPS Terms are inert. Only CPS Commands can run

CJ⟨M||tp⟩K = CJMK (λx. x) ∈ CPSCommand
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Adding Classical Control
The µ of Parigot’s λµ

Value ∋ V ::= λx.M | x Continuation ∋ q ::= α | tp
Term ∋ M,N ::= V | M N | µα.c Command ∋ c ::= ⟨M||q⟩

E ::= □ | E M | V E

⟨E[µα.c]||q⟩ 7→ c{⟨E[M]||q⟩/⟨M||α⟩}

CJαK = α

CJtpK = λx. x

CJµα.cK = λα. CJcK

CJ⟨M||q⟩K = CJMK CJqK
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Delimited Control à la shift
Via a Dynamically-Rebindable “top-level” t̂p

t̂p is like the “top-level” tp, but it can be rebound

⟨E[µt̂p.⟨t̂p||V ⟩]||q⟩ 7→ ⟨E[V ]||q⟩

C
q
t̂p

y
= λx. x

C
q
µt̂p.c

y
= λα. α (CJcK)

Oops. . .α (CJcK) is not in CPS anymore!

No problem, just CPS again!
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Another “Meta” Continuation
From “double-barrel” CPS

C2J_K = CJCJ_KK

C2qt̂p
y
= CJλx. xK = λx. λγ. γx

C2qµt̂p.c
y
= CJλα. α (CJcK)K = λα. λγ. C2JcK λx. α x γ

C2J⟨M||q⟩K = CJCJMK CJqKK = λγ. C2JMK C2JqK γ

Now (first-level) commands are inert.

Need a second level of initial continuation ⟨c||q2⟩ to run

C2q⟨c||q2⟩
y
= C2JcK C2qq2

y
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Multiple Prompts: First Attempt

Destroy the trail through the meta-continuation ⌢̈

Idea: (second-level) meta-continuation γ is an environment,
mapping many rebindable “top-levels” to (first-level) continuations

⟨E[µα̂.⟨V ||α̂⟩]||q⟩ 7→ ⟨E[V ]||q⟩
⟨E[µβ̂.⟨V ||α̂⟩]||q⟩ 7→ ⟨V ||α̂⟩

⟨E||q⟩ gone forever!

ĈJα̂K = λx. λγ. γ(α̂) x

ĈJµα̂.cK = λβ. λγ. ĈJcK (γ{α̂ 7→ β})
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Delimited Control à la shift0

Passing through the “top-level” t̂p

shift’s prompt only lets values through; shift0 passes through

µt̂p.⟨V ||t̂p⟩ → V µt̂p.⟨t̂p ↑ M⟩ → M

C↑
q
µt̂p.c

y
= C↑JcK

C↑
q
t̂p

y
= λx. λγ. γ x

C↑
q
⟨t̂p ↑ M⟩

y
= C↑JMK

C↑
q
µt̂p.⟨M||t̂p⟩

y
α = C↑JMK (λx. λγ. γ x) α

C↑
q
µt̂p.⟨x||t̂p⟩

y
α ↠ α x

C↑
q
µt̂p.⟨t̂p ↑ M⟩

y
α = C↑JMK α
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Multiple Prompts: Second Attempt
Remembering the trail through the meta-continuation ⌣̈

D ::= □ | ⟨E[µα̂.D]||q⟩

µα̂.D[⟨α̂ ↑ ∆. M⟩] 7→ M{D[c]/∆c}
(α̂ not bound by D)

Ĉ↑Jµα̂.cK = λβ. λγ. Ĉ↑JcK (γ{α̂ 7→ β})
Ĉ↑J⟨α̂ ↑ ∆. M⟩K = λγ. let (∆, β, γ′) = γ(α̂)

in Ĉ↑JMK β γ′

Ĉ↑J∆cK = λγ.∆ (Ĉ↑JcK) γ

10



Fine-grained Reduction Theory à la λµ
For local optimizations of multi-prompt control

(λx.M) V → M{V/x}
(µα.c) M → µβ.c{⟨N M||β⟩/⟨N ||α⟩}
V (µα.c) → µβ.c{⟨V N ||β⟩/⟨N ||α⟩}
⟨µα.c||q⟩ → c{q/α}

µα̂.⟨V ||α̂⟩ → V

µβ̂.⟨V ||α̂⟩ → µ_.⟨V ||α̂⟩
µα̂.⟨α̂ ↑ ∆. M⟩ → M{c/∆c}
µβ̂.⟨α̂ ↑ ∆. M⟩ → µβ.⟨α̂ ↑ ∆′. M{∆′⟨µβ̂.c||β⟩/∆c}⟩
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Which Style of Control Is Most “Primitive”?
Expressive “power” versus reasonability

(+F+) #E[shiftV ] 7→ #V (λx.#E[x])

(−F+) #E[shift0 V ] 7→ V (λx.#E[x])

(+F−) #E[controlV ] 7→ #V (λx. E[x])

(−F−) #E[control0 V ] 7→ V (λx. E[x])

shift (+F+) and shift0 (−F+) have a “nice” semantics

. . . but control0 (−F−) leaves the fewest prompts around

Can always just put the ones you want back, right?
What’s the harm?
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Have Your Cake and Eat It Too
shift0 =⇒ shift, and with 2 prompts, shift0 =⇒ control0

Positive expressiveness vs negative expressiveness

shift0 subsumes shift (Materzok and Biernacki)
Actually, subsumes all levels of hierarchically-nested shift
And while respecting all equations & semantics of shift
Unlike control or control0

shift0 with (at least) 2 prompts subsumes control0
Just reserve 1 prompt for the “unwanted” one used to
compose continuations “without” the prompt
If you never seek it out, it’s as if it’s never there

#α̂
0M = µt̂p.⟨µα̂.⟨M||t̂p⟩||t̂p⟩

controlα̂0 f = µβ.⟨α̂ ↑ ∆. f (λx. µt̂p.∆⟨x||β⟩)⟩
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